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Abstract
The aim of this article is to introduce a Lagrangian formulation of relativis-
tic non-abelian spinning fluids in group theory language. The corresponding
Mathisson-Papapetrou equation for spinning fluids in terms of the reduction limit
of de Sitter group has been proposed. The equation we find, correctly boils down
to the one for non-spinning fluids. Two alternative approaches based on a group
theoretical formulation of particles dynamics are also explored.
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1 Introduction
In this article we discuss and generalize relativistic fluid dynamics from the alternate
view point of group theory. This group theoretical approach was developed in [1]. For
a recent review see [2]. This technique relies on symmetry principles which makes it
efficient to answer questions like anomalies etc. as recently discussed in [3]. In [3], the
technique used here to describe relativistic fluids was applied mainly to describe the
Quark-Gluon Plasma (QGP), indeed QGP describes a fluid at strong coupling regime
of QCD where the usual perturbative description of field theories fail; moreover now
there is considerable evidence that QGP has several properties of a fluid. A different
attempt is due to AdS/CFT correspondence which naturally describes strongly coupled
field theories.
The formalisms to describe particle motion in group theoretical terms was known
from a long time (for some earlier references see [4]). The motivation for this formulation
is not hard to understand either. To describe particles or fluids in a general spacetime,
it’s natural to look at the symmetries that (quantum) gravity offers. Though the natural
selection is the Poincare´ group (section 3.1), the incorporation of cosmological constant
formally calls for the de-Sitter group in 4 dimensions. The formalism in one word gives
a way to couple the particle/fluid with these gauge groups. In this formalism it also
becomes easier to introduce fluid vorticity.
The plan of the paper is as follows. For the rest of this introduction we discuss some
models to describe relativistic abelian spinless fluids in the group theoretical language
as was briefly addressed in [3]. In section [2] we describe the main model for describing
relativistic spinning fluids based on a reduction of the de Sitter group. This is the main
result of our paper. Later we present some alternate ways to formulate the problem
and discuss each of their advantages and disadvantages. In section 3.2 we use a similar
procedure using dS group, but in the context of torsion. Although torsion couples
naturally with the spin density it is a property of spacetime that has not been observed;
nevertheless this case should not be ignored. The model based on the Poincare´ group
described in section 3.1 shows drawbacks over the others which come in the form of extra
constraints that are not present in the other models. The fact that we can have several
models is the generality of this approach.
1.1 Ordinary Abelian Fluid
In 3+1 dimensions (with a mostly minus metric signature), an ordinary abelian fluid
is described (in terms of collective variables and not as many particle motion) by the
Continuity Equation
∂tρ(t, r) +∇(ρv(t, r)) = 0
2
and Euler’s eqauation
∂tv + (v · ∇)v = force
where the force is the force acting on the unit volume of the fluid. ρ and v are the fluid
density and the velocity. These classical equations can also be found using a Lagrangian
formulation with a Lagrangian [1]
L = −jµaµ + 1
2
ρv2 − V (1)
where jµ = (ρ, ρv) and
aµ = − (∂µθ + α∂µβ) . (2)
Here θ, α and β are single valued non-singular functions which vanish at infinity. In
this parametrization ∇θ is the irrotational part of the fluid velocity field while ∇× a =
∇α×∇β is its vorticity. The above Lagrangian (1) can also be written as
S =
∫ (
ρθ˙ + ραβ˙ −
[
1
2
ρv2 + V
])
d3x. (3)
where v = ∇θ + α∇β. This type of parametrization is called Clebsch Parametrization.
The Clebsch parametrization can be achieved in a group theoretical language1 using
SU(1, 1) or SU(2)2. With an element of the group parametrized by
g =
1√
1− u˜u
[
1 u
u˜ 1
] [
eiθ/2 0
0 e−iθ/2
]
where u˜ = u¯ if g ∈ SU(1, 1) and u˜ = −u¯ if g ∈ SU(2), the Clebsch parametrization is
produced as
−iTr(σ3g−1dg) = dθ + αdβ
where
α =
u˜u
1− u˜u, β = −i ln
(u
u˜
)
θ describes the compact direction of the U(1) subgroup generated by 1
2
σ3 and α and β
parametrize the SU(1, 1)/U(1) or SU(2)/U(1) coset. The action (3) can now be written
as
S = −i
∫
jµTr
(
σ3g
−1∂µg
)− ∫ [jiji
2ρ
+ V
]
The relativistic version of such an action is given by
S = −i
∫ [
jµTr
(
σ3g
−1∂µg
)
+ F (n)
]
with jµ = nuµ for a unit flow vector uµ, so that jµjµ = n
2, where n is number density,
and F (n) encodes the specific dynamics (equation of state). The four velocity uµ is then
proportional to aµ. Note here that for free theory (no potential V ) which describes dust,
F (n) = n.
1Any group can work equally well in principle. The fact that SU(1, 1) works in this case, can be
thought of as due to the fact that it has right number of parameters. We thank A. Polychronakos for
a discussion on this point.
2If we quantize vorticity (∇α×∇β), then we need to work with SU(2).
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1.2 Non-Abelian generalization
The generalization of the entire formalism to non-abelian case (for simplicity described
in terms of SU(2)) at one particle level is described by the Wong equation with action
[5],[4]
S =
∫ [
1
2
mx˙2 + AaiQ
ax˙i − iwTr(σ3g−1g˙)
]
where a indexifies the number of generators of the gauge group and i the number of
components of a vector. Here Qa = Tr(gσ3g
−1ta), ta = 1
2
σa. For many particles the
generalization is easy. With λ indexing the particles we have
S = −i
∫
dt
∑
λ
wλTr(σ3gλ
−1g˙λ)
with different gλ’s for different particles which is in line with its continuous generalization
of g(x). In fact to generalize it to the continuous case, we have, λ→ x, ∑λ → ∫ d3x/v,
wλ/v → ρ(x). We then get
S = −i
∫
d4xρTr(σ3g
−1g˙).
Taking this last term as the term responsible for the symplectic structure, we can write
an action
S = −i
∫
d4xjµTr(σ3g
−1Dµg)−
∫
F (n) + SYM
where jµ is the current due to the charged particle density in the fluid as described
before and is again given by jµ = (ρ,vρ) = nuµ with u2 = 1.
For a general gauge group G, the action is given by
S = −i
∫ ∑
(i)
jµ(i)Tr(K(i)g
−1Dµg)−
∫
F (n1, n2, . . . ) + SYM(A)
Here K(i) are diagonal generators of G and j
µ
(i)j(i)µ = n
2
(i) with i indexing the rank of the
group G.
2 Spinning Fluids Using the de Sitter Group
From the models reviewed in section [1] it would be natural to write down a similar action
describing the dynamics of fluids in terms of the Poincare´ group where the information
about the spin would be contained in the Lorentz subgroup and the information about
the mass current would be contained in the translational part. As we will see in section [3]
this creates internal inconsistency solved by the introduction of a constraint that reduces
the degrees of freedom of the dynamics. Moreover the theory of Gravity cannot be
written in terms of a gauge theory of the Poincare´ group directly. Only starting from
the de Sitter group and then using a reduction limit we can reproduce gravity as a gauge
theory. With this idea in mind we propose a generalization of the spin fluid action
4
introduced in [3] with the following action to describe the full dynamics of relativistic
fluids with spin for a torsion free background3:
S = −
∫
det e
[
ijµ(m)Tr(α(m)T0g
−1∇µg) + ijµ(s)Tr(α(s)T23g−1∇µg) + F (n(m), n(s))
]
(4)
where g is a SO(4, 1)-valued field and α(m) and α(s) are constants respectively for the
mass and spin coupling. The choice of the Lie algebra elements of so(4, 1) is taken
considering that we are interested in studying matter fluids (T0 generates a time-like
velocity) with spin, generated by T23 (see appendix A for a brief description of the
generators of so(4, 1)).
Action (4) is invariant separately under g → ge−iγ0T 0 and g → ge−iγ23T 23 with γ0 and
γ23 constants; the associated conserved currents are j
µ
(i) with
∇µjµ(i) = 0 (5)
where i = {m, s}.
The explicit form of the current is
j(i)µ = −i
n(i)
F(i)
Tr[K(i)g
−1∇µg] (6)
where F(i) = ∂F/∂n(i), K(m) = α(m)T0 and K(s) = α(s)T23.
The variation of the action with respect to g yields
∇µ
(
jµ(m)gK(m)g
−1 + jµ(s)gK(s)g
−1
)
= 0 (7)
that states the conservation of the so(4, 1)-current
Jµ = jµ(m)gK(m)g
−1 + jµ(s)gK(s)g
−1 (8)
Using (5) we can rewrite (7) as follows
jµ(m)[g
−1∇µg,K(m)] + jµ(s)[g−1∇µg,K(s)] = 0 (9)
where we used (5).
The components (refer to appendix A for the notation for the normalized trace) of
the gK(i)g
−1
QAB(i) = −2Tr[gK(i)g−1TAB]
are the non-abelian charges of the theory (8). These charges are the coefficients of
δwµab in the variation of the action with respect to the frame fields. In this sense they
are interpreted as spin charges. In particular Qab(s) is the spin charge of the fluid, been
generated by the spin degrees of freedom, and Qab(m) is related to the vorticity of the fluid,
being related to the mass current of the fluid. We will discuss more about the relation
between Qab(m) and the vorticity in a short while.
Equations (6) can be used to write a Mathisson-Papapetrou equation for fluids. We
apply the covariant derivative and then we anti-symmetrize the two indices and contract
one index with the current to get the following expression:
jν(i)∇[ν
(
F(i)
n(i)
j(i)µ]
)
= − i
2
Tr
[
jν(i)∇ν
(
gK(i)g
−1
)∇µgg−1]− i
2
Tr
[
gK(i)g
−1Rνµ
]
jν(i) (10)
3For a discussion about torsion free models, see [3].
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Adding the two equations in (10), and using (7), we have the generalized Mathisson-
Papapetrou equation for fluids
jν(m)∇[ν
(
F(m)
n(m)
j(m)µ]
)
+ jν(s)∇[ν
(
F(s)
n(s)
j(s)µ]
)
=
= − i
2
Tr[gK(m)g
−1Rνµ]j
ν
(m) −
i
2
Tr[gK(s)g
−1Rνµ]j
ν
(s). (11)
Notice that only the Qab(i) components of the charge contributes to the right hand side.
Equation (11) can also be derived from the conservation of the energy-momentum
tensor of the fluid given below:
T µν = − [F(m)n(m) + F(s)n(s) − F (n(m), n(s))] gµν + F(m)
n(m)
jµ(m)j
ν
(m) +
F(s)
n(s)
jµ(s)j
ν
(s)
+2∇γ
(
jµ(m)Q
γν
(m) + j
ν
(m)Q
γµ
(m)
)
+ 2∇γ
(
jµ(s)Q
γν
(s) + j
ν
(s)Q
γµ
(s)
)
(12)
Setting Qab(i) = 0 (and α(s) = 0 if we want to discuss only about the mass current), the
energy-momentum tensor (12) reduces to the one for an ideal fluid with
p = F(m)n(m) + F(s)n(s) − F (n(m), n(s))
ρ = F (13)
p+ ρ ≡ µ(m)n(m) + µ(s)n(s) = F(m)n(m) + F(s)n(s)
where the µ(i) = F(i) = ∂U/∂N(i) are the chemical potentials with U = ρV the internal
energy and N(i) the particle number. Notice that the Mathisson-Papapetrou equation
(11) is also easily derived from the conservation of the energy-momentum tensor
∇µT µν = 2j(m)µ∇[µ
(
F(m)
n(m)
j
ν]
(m)
)
+2j(s)µ∇[µ
(
F(s)
n(s)
j
ν]
(s)
)
+2Rν ρµγ
(
jρ(m)Q
γµ
(m) + j
ρ
(s)Q
γµ
(s)
)
= 0
where we used the equality
Rν ρµγj
µQγρ +
1
2
Rν ργµj
ρQγµ = 0
which is the consequence of the anti-symmetry of Qαβ(i) and R
ν
[ρµγ] = 0.
In section 2.1 we will perform the reduction limit of these equations. This procedure
will reproduce the equation of motion for the fluid. The study of the effect of higher
order corrections and the consequences of the possible extension of the model to the full
de Sitter group are possible directions to take for future research.
2.1 Reduction Limit
For the reduction limit we are going to consider the following parametrization
g = Λe−i
θaTa
R = Λh with Λ ∈ SO(3, 1) (14)
that describes a subset of the de Sitter group. The Lorentz Group is reproduced in the
R→∞ limit. Also noticing that
gK(m)g
−1 ∼ α(m)
(
ΛT 0Λ−1 − i
2R
θaΛT
a0Λ−1
)
+O
(
1
R2
)
(15)
gK(s)g
−1 ∼ α(s)ΛT 23Λ−1 +O
(
1
R
)
(16)
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we re-establish the right proportion replacing α(s) with α(s)/R.
The currents (6) reduce to
j(m)µ =
n(m)
4F(m)
α(m)
R
∂µθ0 −
n(m)
F(m)
Tr
[
θa
2R
α(m)Ta0Λ
−1∇µΛ
]
+O
(
1
R3
)
(17)
j(s)µ = −
in(s)
F(s)
Tr
[α(s)
R
T23Λ
−1∇µΛ
]
+O
(
1
R2
)
(18)
So, we see that both the jµ(i)’s are of the order O
(
1
R
)
. Hence we get
n(i) =
√
jµ(i)j(i)µ ∼ O
(
1
R
)
implying that also F ∼ O ( 1
R2
)
and F(i) ∼ O
(
1
R
)
. On the other hand, the so(4, 1)-valued
current (8) reduces to
Jµ = jµ(m)α(m)Λ
[
T 0 − i θa
2R
T a0
]
Λ−1 + jµ(s)
α(s)
R
ΛT 23Λ−1 +O
(
1
R3
)
= jµ(m)α(m)vaT
a +
1
R
[
−iθa
2
jµ(m)α(m)ΛT
a0Λ−1 + jµ(s)α(s)ΛT
23Λ−1
]
+O
(
1
R3
)
where va = Λa0.
To evaluate the reduction limit of (7) we replace g with the parametrization (14) and
substitute it in (9) obtaining
[Λ−1∇µΛ, α(m)jµ(m)T 0]+
1
R
[
iθa[T
a,Λ−1∇µΛ]− i∂µθaT a, jµ(m)α(m)T 0
]
+
1
R
[Λ−1∇µΛ, jµ(s)α(s)T23] = 0,
where we kept terms until the O(1/R2). Evaluating the trace we get the following
equations:
• the T a (a 6= 0) component
α(m)j
µ
(m)(Λ
−1∇µΛ)0b = 0; (19)
• the T 10 component
i
2
α(m)j
µ
(m)
[
θb(Λ−1∇µΛ) 1b − ∂µθ1
]− 2α(s)jµ(s)(Λ−1∇µΛ)0[2η3]1 = 0; (20)
• the T 20 component
i
2
α(m)j
µ
(m)
[
θb(Λ−1∇µΛ) 2b − ∂µθ2
]− 2α(s)jµ(s)(Λ−1∇µΛ)0[2η3]2 = 0; (21)
• the T 30 component
i
2
α(m)j
µ
(m)
[
θb(Λ−1∇µΛ) 3b − ∂µθ3
]− 2α(s)jµ(s)(Λ−1∇µΛ)0[2η3]3 = 0; (22)
• the T 12 component
2α(s)j
µ
(s)(Λ
−1∇µΛ)13 = 0; (23)
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• the T 13 component
− 2α(s)jµ(s)(Λ−1∇µΛ)12 = 0. (24)
Notice that the T 23 and the T 0 component are zero at all orders having[
α(m)j
µ
(m)T
0 +
α(s)
R
jµ(s)T
23, T 0
]
= 0 and
[
α(m)j
µ
(m)T
0 +
α(s)
R
jµ(s)T
23, T 23
]
= 0
Multiplying equations (20), (21), and (22) respectively by θ1, θ2, and θ3, and adding
them, we find
− i
2
α(m)j
µ
(m)
3∑
a=1
∂µθ
aθa − 2α(s)jµ(s)(Λ−1∇µΛ)0[2θ3] = 0. (25)
Moreover equation (19) can be rewritten as follows
α(m)j
µ
(m)(Λ
−1)bce
c
α[∂µ(e
α
aΛ
a
0) + Γ
α
µβe
β
aΛ
a
0] = 0;
the above relation suggests that
vα = eαaΛ
a
0 (26)
is related to the fluid velocity field and for the case of dust with zero vorticity satisfying
the relativistic Euler equation (29), it is precisely the fluid velocity (as discussed in
section 2.2).
From the definition we have seen that the charges Qab(m) are proportional to the
spatial part of θa which appears in several of the above equations. Moreover, defining
the vorticity as in [11]
ωνµ = ∇[ν
(
µ(m)
n(m)
j(m)µ]
)
we find4
ωνµ = ∇[ν
(
F(m)
n(m)
j(m)µ]
)
= − i
2
Tr[∇ν
(
gK(m)g
−1
)∇µgg−1]− i
2
Tr[gK(m)g
−1Rνµ] = 0
if Qab(m) = 0. Hence we are going to consider the Q
ab
(m) along with the spatial part of θ
a
to be the “charges” of the vorticity of the fluid. In section 2.3.3 we will study a case
with non-zero θi’s and vorticity.
Finally the Mathisson-Papapetrou equation for spinning fluids in the reduction limit
reduces to
jν(m)∇[ν
(
F(m)
n(m)
j(m)µ]
)
+ jν(s)∇[ν
(
F(s)
n(s)
j(s)µ]
)
=
= − i
2
Tr
[
Λ
(
−i θ
a
2R
jν(m)α(m)Ta0 + j
ν
(s)
α(s)
R
T23
)
Λ−1Rνµ
]
(27)
Notice that the equation is of order O ( 1
R2
)
, as the energy-momentum tensor. This
implies that, before taking the limit we also need to require the gravitational side to be
of order O ( 1
R2
)
.
4Notice that this recovers the definition in terms of the Clebsch parametrization.
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We are going to end this section by checking that, in the reduction limit, the two
Casimirs of SO(4, 1) reproduce the correct conserved quantities. The first Casimir is
given by
C2 = −ηµνTr[JµJν ] =
n2(m)α
2
(m) + n
2
(s)α
2
(s)/R
2
4
→ n
2
(m)α
2
(m)
4
and is related to the conservation of mass for a particle, n(m) being the number density
times the mass. The second Casimir is given by
gµµ
′
Jabµ J
c
νεabcdg
νν′Jµ′a′b′Jν′c′ε
a′b′c′d → α
2
(m)α
2
(s)n
2
(m)n
2
(s)
R2
Qab(s)v
cεabcdQ(s)a′b′vc′ε
a′b′c′d
that is proportional to the module squared of the Pauli-Lubanski vector, confirming our
interpretation of Q(s) as the spin charge of the fluid.
2.2 Dust limit
From the energy-momentum tensor (12), once we neglect the terms containing the vor-
ticity and the spin-density, it is easy to recognize the density and the pressure of an
ideal fluid.
ρ+ p = n(m)F(m) + n(s)F(s) p = n(m)F(m) + n(s)F(s) − F,
that is,
ρ = F p = n(m)F(m) + n(s)F(s) − F. (28)
For spinless dust we can set
F (n(m), n(s)) = n(m) and α(s) = 0,
that is,
j(m)µ = −in(m)Tr[K(m)g−1∇µg] and j(s)µ = 0.
The Mathisson-Papapetrou equation (27) then reduces to
jν(m)∇ν
(
1
n(m)
j(m)µ
)
= −iTr
[
Λ
(
−i θ
a
2R
jµmα(m)Ta0
)
Λ−1Rνµ
]
This recovers the relativistic Euler equation for a fluid of dust with zero vorticity
∇µjµ(m) = 0 ∇[ν
(
1
n(m)
j(m)µ]
)
= 0 (29)
in the case θa = (θ0, 0, 0, 0). Therefore from
jµ(m) =
n(m)
4
α(m)∂
µθ0 = n(m)u
µ
we can recover θ0 once u
µ is known. Notice that such an expression is exactly the same
as that of a pressureless fluid with zero vorticity in the Clebsch parametrization (2).
The remaining part of the group-valued field Λ can be obtained from (19) and (29),
which yields (26)
1
n(m)
jµ(m) = e
µ
aΛ
a
0
9
This tells us that vaeµa = Λ
a
0e
µ
a is nothing else than the fluid velocity u
µ with respect to
the local frame described by the frame field. Notice that the above statement is always
true in the case of dust with zero vorticity.
Let us now consider the case of dust with spin. For dust with spin we need to set
F (n(m), n(s)) = n(m) + n(s).
The currents will be
j(m)µ =
n(m)
4
α(m)
R
[
∂µθ0 + θ
a(Λ−1∇µΛ)a0
]
(30)
j(s)µ =
in(s)
2
α(s)
R
(Λ−1∇µΛ)23. (31)
The Mathisson-Papapetrou equation (27) then reduces to
jν(m)∇ν
(
1
n(m)
j(m)µ
)
+jν(s)∇ν
(
1
n(s)
j(s)µ
)
= −iTr
[
Λ
(
−i θ
a
2R
jµ(m)α(m)Ta0 + j
µ
(s)
α(s)
R
T23
)
Λ−1Rνµ
]
that recover the expected result (the Mathisson-Papapetrou equation for many non-
interacting particles) in the zero-vorticity case, θa = (θ0, 0, 0, 0),
jν(m)∇ν
(
1
n(m)
j(m)µ
)
+ jν(s)∇ν
(
1
n(s)
j(s)µ
)
= −iTr
(
jµ(s)
α(s)
R
ΛT23Λ
−1Rνµ
)
. (32)
2.3 Some Warm-up Examples
In the next two subsections, we describe two simple textbook examples to show how
in these cases we obtain the expected results and there exists a group valued field that
parametrizes such cases. The aim of these sections is to learn the technicalities and
complexities that one would encounter in realistic cases.
2.3.1 Fluids in FRW spacetime
In this section we are going to solve the fluid equations in an FRW background. Because
of our initial choice of the action, only the matter dominated universe can be studied.
The radiation dominated Universe would require a modified action with the correct
requirement of producing a light-like current along with T0 → T0 ± T1.
We start with the general FRW-metric which is
ds2 = dt2 − a2(t)
[
dr2
1− κr2 + r
2(dθ2 + sin2θdφ2)
]
The stationary currents
j(m)t =
n(m)
4F(m)
α(m)
R
[
∂tθ0 + θ
a(Λ−1∇tΛ)a0
]
j(s)t =
iRn(s)
2F(s)
α(s)
R
(Λ−1∇tΛ)23
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depend only on the cosmological time for the case of an isotropic and homogeneous
space-time under discussion. The conservation of these currents (5) yields
∂tj
t
(i) + 3
a˙
a
jt(i) = 0 ⇒ jt(i) = β(i)a−3, (33)
with β(i) constant, and
jt(m)
(
∂tQ
ti
(m) +
a˙
a
Qti(m)
)
+ jt(s)
(
∂tQ
ti
(s) +
a˙
a
Qti(s)
)
= 0
jt(m)
(
∂tQ
ij
(m) + 2
a˙
a
Qij(m)
)
+ jt(s)
(
∂tQ
ij
(s) + 2
a˙
a
Qij(s)
)
= 0
where the Q(i)’s are only function of the cosmological time.
The components of the energy-momentum tensor (12) in our case are:
T tt=F + 4
2− kr2
r(1− kr2)(j
t
(m)Q
rt
(m) + j
t
(s)Q
rt
(s)) + 4 cot θ(j
t
(m)Q
θt
(m) + j
t
(s)Q
θt
(s)) (34)
T it=4
a˙
a
(jt(m)Q
ti
(m) + j
t
(s)Q
ti
(s)) +
2(2− kr2)
r(1− kr2)(j
t
(m)Q
ri
(m) + j
t
(s)Q
ri
(s))
+2 cot θ(jt(m)Q
θi
(m) + j
t
(s)Q
θi
(s)) (35)
T ij =−(F(m)n(m) + F(s)n(s) − F )gij (36)
We can also readily write Einstein’s equations as
a˙2
a2
+
k
a2
=
8pi
3
[
F +
4(2− kr2)
r(1− kr2)(j
t
(m)Q
rt
(m) + j
t
(s)Q
rt
(s)) + 4 cot θ(j
t
(m)Q
θt
(m) + j
t
(s)Q
θt
(s))
]
(37)
2
a¨
a
= − a˙
2
a2
− k
a2
− 8pi(F(m)n(m) + F(s)n(s) − F ) (38)
0 = 4
a˙
a
(jt(m)Q
ti
(m) + j
t
(s)Q
ti
(s)) +
2(2− kr2)
r(1− kr2)(j
t
(m)Q
ri
(m) + j
t
(s)Q
ri
(s))
+2 cot θ(jt(m)Q
θi
(m) + j
t
(s)Q
θi
(s)) (39)
The lhs of equation (37) does depend on the cosmological time t only, while the rhs
contains also other coordinates in the coefficient of the Q(i)’s. Equation (37) is then well
posed only if all the Q(i)’s, that are functions only of t, are zero or if
jt(m)Q
µν
(m) + j
t
(s)Q
µν
(s) = 0.
This second option is described by a proportionality relation between θcΛa[cΛ
b
0] and
Λa[2Λ
b
3], that cannot be achieved. Therefore the only solution is to take all the Q(i)’s to
be zero
Qab(s) = 0 ⇒ α(s) = 0
Qab(m) = 0 ⇒ θa = (θ0, 0, 0, 0),
that is, to consider a fluid with zero-vorticity and zero spin-density. This is not unex-
pected considering that the FRW-background is homogeneous and isotropic.
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From the Einstein’s equations we recover the classical FRW cosmologies. In partic-
ular let us restrict to the case of dust where
F = ρ0n(m),
with ρ0 constant. We find:
3
a˙2
a2
+ 3
k
a2
= 8piF(
2
a¨
a
+
a˙2
a2
+
k
a2
)
= −8pi(F(m)n(m) + F(s)n(s) − F )
from which we can easily read (28)
ρ = F = ρ0n(m) and P = F(m)n(m) − F = 0.
The constant ρ0 is just a scaling factor that can be reabsorbed by redefining n(s) and
j(m) to set ρ = n(m). In particular in equation (33) we recognize the conservation of the
rest mass during the cosmological evolution.
We are now ready to find the group-fields in terms of θ0 and Λ. From the condition
jt(m) = n(m) we have that
θa =
[
4R
α(m)
t+ θ0in, 0, 0, 0
]
Considering that equation (19) reduces to
jt(m)(∂tΛ
a
0 + w
a
tbΛ
b
0) = 0
we find that Λa0 = (1, 0, 0, 0) and therefore
Λ =
(
1 0
0 O
)
with O ∈ SO(3).
This is not unexpected considering that taking α(s) = 0 enhance the symmetries of the
initial action (4).
Given the intrinsic homogeneous and isotropic nature of the FRW metric, the spin
density was expected to be zero. In general we expect the proposed model to be an
optimal framework to study inhomogeneous and/or anisotropic cosmological spacetimes,
where the inhomogeneity and the anisotropy are generated by a primordial spin density.
2.3.2 Fluids in Kerr-metric
In this section we consider our fluid description in a Kerr-background:
ds2 =
(
1− 2Mr
Σ
)
dt2+2
2Mr
Σ
a sin2 θdtdφ−Σ
∆
dr2−Σdθ2−
(
r2 + a2 +
2Mr
Σ
a2 sin2 θ
)
sin2 θdφ2
with
∆ = r2 + a2 − 2Mr and Σ = r2 + a2 cos2 θ.
For the complexity of the equations we will consider the case of a stationary fluid
localized on the θ = pi/2 plane
jµ(i) = n(i)[u
t
(i)(r), 0, 0, u
φ
(i)(r)] = n(i)u
t
(i)(1, 0, 0, ω(i))
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and with zero vorticity
j(m)µ =
α(m)n(m)
4F(m)R
∂µθ0.
Notice that such a current automatically satisfies the condition ∇µjµ(i) = 0, n(i) being
function of r only.
Let’s solve for dust. From the stationary condition and the expression for the mass
current we have
α(m)
4R
∂µθ0 = (u(m)t, 0, 0, u(m)φ)
that implies
θ0(t, φ) = Et− Lφ
and hence
u(m)µ =
α(m)
4R
(E, 0, 0,−L).
Here the constant E and L are respectively the energy and the angular momentum, per
unit of n, of the fluid (see appendix B) once we set α(m)/(4R) to 1 with an appropriate
choice of units. The above expression needs to satisfy the normalization condition
uµ(m)u(m)µ =
(
α(m)E
4R
)2
1
∆
r3 + a2r + 2Ma(a− l)
r
(1 + ω(m)l) = 1,
where we defined l ≡ L/E, and where the angular velocity ω(m) = uφ(m)/ut(m) is
ω(m) =
2Ma + (r − 2M)l
r3 + a2r + 2Ma(a− l)
that in return implies that we are restricting to fluids in rings around the rotating center.
In appendix B we will explain how this indeed reproduces asymptotically the expected
Keplerian rotational behavior in the galaxies. From now on, until the end of this section
each expression is evaluated in r = rf , where rf is the radial coordinate of the particular
ring under consideration.
As in the previously studied case of dust with zero vorticity we can readily set
Λa0 = e
a
µu
µ
(m)
or equivalently,
Λa0 = e
µ
au(m)µ
=
α(m)E
4R
(et0 − eφ0 l, 0, 0, et3 − eφ3 l)
=
α(m)E
4R
[
r2 + a2 − al
r
√
∆
, 0, 0,
1
r
(a− l)
]
r=rf
. (40)
Using the equations (21), (22)
jµ(s)(Λ
−1)b c∇µΛc0 = 0 with b = 2, 3 (41)
reduces to
(Λ−1)b1
[(
jt(s)
M
r2
− jφ(s)
a(M + r)
r2
)
Λ00 − jφ(s)
√
∆
r
Λ30
]
r=rf
= 0
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This equation has two possible solutions: we find ω(s) or we find Λ12 = Λ13 = 0. Here we
study the second case that, as we will see, corresponds to not observe any spin current
(jµ(s) = 0).
Using the group properties of the Lorentz group
ΛaiΛ
a
0 = 0 ΛaiΛ
a
i = −1 with i = 2, 3 and Λa2Λa3 = 0
we derive
Λ02 =
Λ30
Λ00
Λ32 Λ03 =
Λ30
Λ00
Λ33.
(
Λ32
Λ00
)2
= 1− (Λ22)2
(
Λ33
Λ00
)2
= 1− (Λ23)2 Λ32Λ33
(Λ00)2
= −Λ22Λ23.
From the above results we can finally write down
Λab =


Λ00 0 Λ30 sinα Λ30 cosα
0 1 0 0
0 0 cosα − sinα
Λ30 0 Λ00 sinα Λ00 cosα


where Λ00 and Λ30 are determined by equation (40).
Notice that a rotation by a constant angle generated by T 23 redefines α. This is a
symmetry of the action, so α is undetermined and can be set to zero to simplify the
above expression
Λab =


Λ00 0 0 Λ30
0 1 0 0
0 0 1 0
Λ30 0 0 Λ00

 .
Notice that the spin charges are not zero
Q23 ∝ α(s)Λ00
while
jµ(s) = 0 ⇒ n(s) = 0
that satisfies the remaining constraint equations (23), (24). Having n(s) = 0 simply
means that the spin density n(s)Q(s) is zero, that is, the distribution of matter in the
Kerr-metric does not show any spin polarization.
2.3.3 Fluid in a Go¨del Universe
A more interesting case is given by the Go¨del universe. Here a fluid with constant mass
density ρ and pressure p permeates the universe. The corresponding metric, solution of
the Einstein equation with a cosmological constant Λc (the subscript ‘c’ for cosmological
is used to differentiate the cosmological constant from the group valued field Λab) in the
presence of the fluid just described, is shown below [8, 9]
ds2 = dt2 − dr
2
1 + r
2
4a2
− r2
(
1− r
2
4a2
)
dφ2 + 2
r2√
2a
dtdφ− dz2. (42)
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Here a is a constant, and the following relations give the complete solution
8pi(ρ+ p) =
1
a2
8pip = Λc +
1
2a2
.
The fluid in a Go¨del universe has a cylindrical symmetry as the one studied in the
Kerr metric case. Because of the symmetry we expect a solution similar to the one
found in sec. 2.3.2. The fluid also possesses vorticity oriented along the z-direction.
This suggests that, although we can set the spin density to zero (αs = 0), the spatial
group parameters θi’s become relevant to describe the vorticity of the fluid. Because of
the symmetry we expect some redundancy in the solution like for the group field element
describing the Kerr metric. Choosing the frame field
e0µ =
(
1, 0,
r2√
2a
, 0
)
e1µ =

0, 1√
1 +
(
r
2a
)2 , 0, 0


e2µ =
(
0, 0, r
√
1 +
( r
2a
)2
, 0
)
e3µ = (0, 0, 0, 1)
it is possible to construct a solution where the symmetry is manifest:
Λab =


Λ00 0 0 −Λ30
0 1 0 0
0 0 1 0
Λ03 0 0 −Λ33

 , (43)
where Λ00 = −Λ33 = cosh σ, Λ03 = −Λ30 = sinh σ, and σ an unknown function on
the spacetime. For any solution Λab, the group valued field e
−iβT12Λabe
iβT12 , with β a
constant real parameter, is also a solution. For this reason we can deduce that the only
spatial θi that contributes to the vorticity is θ3, that is, the one along the z-direction,
T30 being the only Ta0 generator that commutes with T12. It is then easy to see that, in
this condition, the transformation
Λ→ e−iβT12ΛeiβT12
indeed leaves invariant the mass-current (17).
In the present case the current (17), setting θ1 = θ2 = 0, reduces to
j(m)µ =
n(m)
4F(m)
α(m)
R
∂µθ0 −
n(m)
F(m)
Tr
[
θ3
2R
α(m)T30Λ
−1∇µΛ
]
=
n(m)
4F(m)
α(m)
R
[
∂µθ0 + θ
3(Λ−1∇µΛ)30
]
Using expression (43)
(Λ−1∇µΛ)30 = Λ03∂µΛ00 − Λ33∂µΛ30 = (sinh2 σ − cosh2 σ)∂µσ = −∂µσ
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which yields
j(m)µ =
n(m)
4F(m)
α(m)
R
[∂µθ0 + θ3∂µσ] . (44)
On the other hand expressions (19) and (22) give
∂tσ = 0 ∂tθ3 = 0.
The remaining equations (20, 21, 23, 24) are identically verified. From the expression
for the co-moving current we have
∂tθ0 =
4F(m)R
αm
∂rθ0 + θ3∂rσ = 0
∂φθ0 + θ3∂φσ =
r2√
2a
4F(m)R
αm
∂zθ0 + θ3∂zσ = 0
The solutions to the above system can be found in appendix C.
At this point it is easy to show that the fluid has a vorticity
ωµν = ∇[µ
(
F(m)
n(m)
jν]
)
=
α(m)
4R
∂[µθ3∂ν]σ =
F(m)
2
r√
2a
δr[µδ
φ
ν]
and the following energy-momentum tensor
T µν = − [F(m)n(m) − F (n(m))] gµν + F(m)
n(m)
jµ(m)j
ν
(m)
with
ρ = F =
1
8pi
(
1
2a2
− Λc
)
p = n(m)F(m) − F = 1
8pi
(
1
2a2
− Λc
)
.
This example shows how it is possible to describe more general fluids settings in-
volving vorticity. In particular we can notice that (44) is reminiscent of the Clebsch
parametrization described in sec. 1.1. This is not unexpected because the Clebsch
parametrization describes a fluid without spin-density. In this case, indeed it is al-
ways possible to choose the eµ3 frame field along the direction of the local axis of rotation
of the fluid reducing the number of θi’s parameters to just θ3 and Λab to the form (43).
3 Alternative Approaches
In this section we explore two alternative approaches to generalize the relativistic spin-
ning fluid action introduced in [3]. The first is based on a direct use of the Poincare´
group following [4]. The second approach uses again the de Sitter group and a reduction
procedure similarly to section [2] but in the contest of Mac-Dowell-Mansouri gravity in
which the coupling between spin and torsion comes naturally. Also this approach finds
its origins in [4] but in a slightly different version described in [10] that makes it suited
for Mac-Dowell-Mansouri gravity.
One main difference between the models described in this section and the one in
section [2] is that here both models contains only one single current while in the previous
formulation we separate the spin and the mass transport into two currents, effectively
increasing the degrees of freedom in the dynamics.
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3.1 Fluids Using Poincare´ Group
In this section, to find both the mass and spin transport by a fluid we use the full
Poincare´ group. We generalize to fluids in line with the model introduced for relativistic
spinning particles in [4].
Following [4], the action for spinning fluids introduced in [3] can be generalized to
S = −
∫
det e d4x
[
−F [(uΛ−1)aeaµjµ] + i
λ
2
jµTr(T12Λ
−1∇µΛ)
]
(45)
where u = (1, 0, 0, 0), the function F depends on the equation of states and λ has the
units of angular velocity and represents the “spin-charge” of the particles composing the
fluid. Notice that, like in the previously described models, jα is conserved, the action
being invariant under the right action of a constant element in the T12 direction. The
variation with respect to jµ gives
−F ′(uΛ−1)aeaµ + i
λ
2
Tr(T12Λ
−1∇µΛ) = 0
or equivalently,
vµ =
i
F ′
λ
2
Tr(T12Λ
−1∇µΛ) (46)
where
vµ = (uΛ
−1)ae
a
µ = (Λ
−1)0ae
a
µ
is the fluid velocity field naturally constructed as boost with respect to the local frame
field. The variation of the action with respect to Λ yields the spin-precession equation
2F ′j[avb] −∇µ(jµSab) = 0 (47)
where iλΛT12Λ
−1 = S is the spin-density.
The Mathisson-Papapetrou equation can be constructed following the same steps as
in section [2]
jν∇ν(F ′vµ)− jν∇µ(F ′vν) = 1
2
Tr(jν∇νS∇µΛΛ−1) + Tr(SRνµ)jν (48)
where we multiplied by jν .
The energy-momentum tensor is given by
T αβ = −
[
−F [(uΛ−1)bebµjµ] + i
λ
2
jµTr(T12Λ
−1∇µΛ)
]
gαβ + F ′vae
aβjα −∇γ(jβQγα + jαQγβ)
= − (vµjµF ′ − F ) gαβ + F ′vβjα −∇γ(jβQγα + jαQγβ)
Note that the energy tensor T αβ is not symmetric because of the appearance of the
non-symmetric factor −F ′vβjα.
The main reason for which in general we have to expect a non-symmetric energy-
momentum tensor is the presence of a term in the action linear in the frame field:
jµvae
a
µ. Only in the case in which we have an action in terms of the frame field such
that only quadratic combinations appear, we will have a symmetric energy-momentum
tensor because each quadratic combination of the frame field can be replaced by the full
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metric. The non-symmetry of the energy-momentum tensor implies5 the presence of a
constraint in the theory as is obvious from the Einstein’s equation
Gαβ = 8piT αβ
Indeed the lhs of the above equation is symmetric by construction which in return implies
T [αβ] = −F ′v[βjα] = 0 (49)
implying that jα and vα are proportional!
The first consequence of the constraint (49) is that equation (47) becomes
∇µ(jµSab) = 0 (50)
effectively limiting the dynamics. The second consequence comes straightforwardly con-
sidering that the parallel-condition
jα = αvα,
together with equation (46) and the dispersion relation jαjα = n
2, imply
n2 = α2vαv
α = α2,
that is,
jα = ±nvα
and
n2 = jαjα = i
1
F ′
λ
2
jαTr(T12Λ
−1∇αΛ).
This means that jα is the current of the fluid and that some of the degrees of Λ are
constrained by the specific choice of F (n). Note that we want to get dynamics with F (n)
in the action. To achieve it for mostly minus metric signature, we need to choose the
plus sign in the above relation. Notice that the current jα was not previously defined
by an equation of motion, its definition in fact comes from the above constraint.
In the presence of our newly found constraint, the Mathisson-Papapetrou equation
reduces to
jν∇ν(F ′vµ)− jν∇µ(F ′vν) = Tr(SRνµ)jν
3.2 Fluid Using de Sitter Group with Torsion
Mac-Dowell-Mansouri gravity is a SO(4, 1)-gauge theory with a term that breaks the
symmetry down to the Lorentz group to recover Einstein’s Gravity with torsion. In this
framework it is natural to introduce particles within the group theoretical approach of
[4] as described in [10]. We want to generalize this procedure to fluids.
The fluid action will be of the same form of the actions that we described previously:
S = −
∫
det e [ijµTr(Kg−1Dµg) + F (n)], (51)
5A second option would be a modification of the gravitational sector that would produce a non-
symmetric Einstein tensor. In this paper we shall not address this option.
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where g ∈ SO(4, 1), K = c0T0 + c23T23 and
Dµ = ∂µ + [Aµ, ] Aµ = w
ab
µ Tab +
2
l
eaµTa.
The gravitational potential above is the SO(4, 1)-gauge potential of the Mac-Dowell-
Mansouri Gravity where l denotes the de Sitter radius; l →∞ is the reduction limit of the
theory. The variation of the full action, including the gravitational sector, with respect
to the frame field e will produce Einstein’s equations while the variation with respect
to the spin connection w will give us the torsion equation. As we have already seen in
the previous section, the presence of the frame field e has to do with the translational
part of the Poincare´; indeed in the reduction limit the coefficient c0 will correspond to
the momentum density of the fluid.
The gauge group is broken from the gravity sector to SO(3, 1) but this does not
reduces the field g that will still have values in SO(4, 1).
Noticing that the right action of f = expαT0 would send an element of the SO(3, 1)-
gauge subgroup into an element of the SO(4, 1)-gauge group while f = exp βT23 would
leave it in the SO(3, 1)-gauge subgroup and considering that an SO(3, 1)-gauge trans-
formation is internal in SO(3, 1), we see that it is consistent to study the restriction
of the g-field to the SO(3, 1)-subgroup only. The general case of g ∈ SO(4, 1) has a
more rich dynamics but here we are going to restrict to the case SO(3, 1)-valued g that
reproduces the expected equations [10].
The conservation of the current follows from the variation of the action (51) with
respect to g, giving
0 = Dµ(j
µJab) = ∂µ(j
µJab) + Γµµγj
γJab + 2jµwµ
a
cs
cb − 1
2l
jµe[aµ p
b] (52)
where
J = gKg−1 = c0Λ
a
0Ta + c23Λ
a
2Λ
b
3Tab ≡ paTa + sabTab
The action is also invariant under the right action g → gf , with f ∈ SO(3, 1) and
commuting with K. It is easy to see that the only commuting elements in so(4, 1) with
K are the generators T0 and T23. Such global symmetries imply the conservation of the
current
∇µjµ = 0. (53)
Using (53), the previous expression (52) reduces to the spin precession equation
jµ∇µJab − 1
2l
jµe[aµ p
b] = 0 (54)
The variation with respect to the current jα produces
jµ = −i n
F ′
Tr[Kg−1Dµg]
This, following the usual procedure already defined in section [2] give the Mathisson-
Papapetrou equation for fluids
jν∇ν
(
F ′
n
jµ
)
− jν∇µ
(
F ′
n
jν
)
= −iTr (jν∇νJ∇µgg−1)− 2ijνTr (JRνµ)
= −i 1
2l
Tr
(
jµe[aµ p
b]Tab∇µgg−1
)− 2ijνTr (JRνµ)
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4 Conclusion
In this work, we presented a formal model to compute the analogue of the Mathisson-
Papapetrou equation for fluids which are relevant in strong gravitational backgrounds6.
Our approach relies on the group theoretical study started with works of various authors,
as mentioned in the introduction. In sections [2] and [3], we have presented several
prospective models based on different prescriptions, reproducing the full dynamics of a
fluid with spin in terms of both the mass and spin transport.
We also present two more models in section 3, which are different and new solutions to
the same problem. These two alternative models are based on the same line of thinking,
but in two different contexts: the use of the Poincare´ group instead of the de Sitter group
and its consequences, and how to include torsion, that could be relevant given that the
spin-density of the fluid is one of the degrees of freedom considered in the model.
With the discovery of QGP in the laboratory, we have recently seen a booming
interest on such strongly coupled field theoretic systems. Various properties of such
system are only possible to be described by AdS/ CFT like dualities for which one needs
to do weak coupling calculation in the gravity side which most of the time introduces
a black hole horizon and so on. But the scope of application of such dualities are still
limited and we hope that our present alternative studies of fluid dynamics might help
us to side-track this general limitation.
As per future directions, there are several avenues that we can take to proceed.
Though on the negative side of this formalism we note that it’s quite difficult and ad
hoc to incorporate the viscosity and other dissipative effects, but the fact that the
formulation allows us to study various general backgrounds in the presence of fluids
with spin-densities makes us hopeful for further astrophysical studies. One possible
imminent direction would be to study anistotrpic and/or inhomogeneous cosmological
models where there is the presence of a primordial vorticity. Such studies may have
important consequences on our understanding of the CMB. Other possible directions
include a generalization of the present model to include viscosity.
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Appendix
A de Sitter Group Generators
In this appendix we list the convention used in this article for the representation of the
Lia algebra associated with the de Sitter group.
The generators of so(4, 1) are constructed, similarly to so(3, 1), starting the four-
dimensional Dirac’s gamma matrices
{γa, γb} = 2ηab
with the addition of γ5. Such algebra can be rewritten in a shortened notation as
{γA, γB} = 2ηAB
where A takes values {0, 1, 2, 3, 5} and ηAB = {1,−1,−1,−1,−1}.
Similarly to the case of the Lorentz group the de Sitter group is generated from Lie
algebra generator defined as follows
TAB =
1
8
[γA, γB] with TA5 = −T5A ≡ TA
The commutation relations between the Lie Generators are
2[TAB, TCD] = ηBCTAD − ηACTBD − ηBDTAC + ηADTBC ,
that is,
2[Tab, Tcd] = ηbcTad − ηacTbd − ηbdTac + ηadTbc
2[Tab, Tc] = ηbcTa − ηacTb 2[Ta, Tc] = Tac
The normalized traces of the Lie generators are given by
−2Tr[TABTCD] = 1
2
(ηACηBD − ηADηBC).
B Keplerian Rotational behavior
To simplify the problem we assumed from the beginning circular orbits. In this appendix
we will also consider a non-zero radial component in the current and only at the end we
will set such a component to zero to recover circular orbits.
For the dust case under discussion we set
j(m)µ = nuµ = n(E, ur, 0,−L).
The constraints on uµ come from the zero vorticity condition and its normalization
7:
∇[µuν] = 0 uµuµ = 1.
Multiplying the zero vorticity condition by 2uµ and using the normalization condition
we find
0 = 2uµ∇[µuν] = uµ∇µuν .
7We have already shown that the current is trivially conserved for ur = 0.
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Let’s start from uµ∇µur. All the other components will be automatically zero once we
set ur = 0. From the normalization condition
1 =
r3 + a2r + 2Ma2
r∆
E2 − 4Ma
r∆
EL− r − 2M
r∆
L2 − ∆
r2
u2r
we have
ur∂rur = −1
2
(
r
∆
− 4r2 r −M
∆2
)[
∆2
r4
u2r
]
− 1
2
[−3r2 − a2 + 4Mr + (3r2 + a2)E2 − L2
r∆
]
Therefore we can easily expand
uµ∇µur = −1
2
(
r
∆
− 4r2r −M
∆2
)[
∆2
r4
u2r
]
− 1
2r2∆2
[−3r5−4a2r3+10Mr4−a4r+6Ma2r2−8M2r3
+(3r5+4a2r3−8Mr4+a4r−6Ma2r2−2a4M+8M2a2r)E2−(−r3+a2r+6Mr2−8M2r+2a2M)L2+
+4aM(3r3 − 4Mr2 + a2r)EL]
In this appendix we are interested in showing that the theoretically expected Keple-
rian rotational behaviour is reproduced, therefore we will consider only the asymptotic
behaviour, for which we can take a→ 0:
uµ∇µur = −1
2
(
r
∆
− 4r2r −M
∆2
)[
∆2
r4
u2r
]
− 1
2r2∆2
[−4Mr3(r−2M)+4r(r−3M)(r−2M)L2]
Setting ur = 0 to simplify our condition (in this way we are going to assume only circular
orbits), we have
L =
√
Mr2f
rf − 3M
and hence
E =
√
(rf − 2M)2
rf(rf − 3M)
that indeed reproduces the expected Keplerian behaviour of the rotation curve for galax-
ies
ω =
gφφ(−L)
gttE
=
√
M
r3f
.
C Solving for the Clebsch-parameters in the Go¨del
Universe
In this section we shall find a solution for the system
∂tθ0 =
4F(m)R
αm
∂rθ0 + θ3∂rσ = 0
∂φθ0 + θ3∂φσ =
r2√
2a
4F(m)R
αm
∂zθ0 + θ3∂zσ = 0
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From taking the z-derivative of the first two equations
∂rσ∂zθ3 − ∂rθ3∂zσ = 0
∂φσ∂zθ3 − ∂φθ3∂zσ = 0
and noticing that the determinant of the system
−∂rσ∂φθ3 + ∂rθ3∂φσ = r√
2a
2F(m)R
αm
is proportional to the rotation vector associated to the fluid, we directly obtain the
expected result that the group parameter are z-independent
∂zθ3 = 0 ∂zσ = 0 ∂zθ0 = 0.
We can use the following ansatz
θ0 =
4F(m)R
αm
(
t +
r2√
2a
)
∂φσ = 0
which follows looking at the φ component of uµ. From here it is easy to deduce that
θ3 = −aφ σ = r
2
√
2a2
.
Notice that the coefficient above were chosen to make the parameters of the right di-
mension.
Like in the case of the Clebsch parametrization we can redefine θ0 and θ3
θ0 → θ0 + γ(σ) θ3 → θ3 − dγ
dσ
where γ is a generic function of σ.
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